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ABSTRACT 
We have inves t iga t ed  t h e  o r i g i n  of cosmic r a d i a t i o n  i n  terms of a 
sudden i n j e c t i o n  of particles i n  t i m e ,  momentum and space. The appropr ia te  
boundary conditions f o r  t h e  various regions through which t h e  p a r t i c l e s  
pas s  were used. With a l l  of t h e  acce le ra t ion  wi th in  a tu rbu len t  region, 
w e  f i nd  t h a t  t h e  observed spectrum is  explained by a continuous dece le ra t ion  
i n  which s ta t i s t ica l  f l u c t u a t i o n s  dominate. This is cont rad ic tory  t o  the  
usual assumptions i n  which f l u c t u a t i o n  do not p lay  an important p a r t .  W e  
f i n d  t h a t  t h e  exponent of t h e  power l a w  spectrum has a weak momentum 
dependency as 
= ~ , ~ i P & C c " / a . , )  + 0 . 6 7 .  
Correction Sheet 
Abstract:  7 = should read y - 1 = 
Figure 1: The I n t e n s i t y  Scale should read w-th a negat ive  s i g n  i n  
Emuision should read Emulsion 
Valcano should read Volcano 
f r o n t  of each d iv i s ion .  
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I, INTRODUCTION 
Previously when the  problem of t h e  o r i g i n  of cosmic r a d i a t i o n  w a s  
considered the  inf luence  of f luc tua t ions  i n  the acce le ra t ion  mechanism w a s  
thought t o  be  of s m a l l  importance [Ginzburg and Syrovatsk i i ,  19641. 
however, i t  has been shown t h a t  when the re  is  continuous dece lera t ion  
imposed on general  acce le ra t ion ,  f l uc tua t ions  can be an important f a c t o r  
i n  determining the energy spectrum of cosmic rays [Wayland and Bowen, 19681. 
Recently, 
This r e s u l t  l eads  t o  t h e  concept of a power index t h a t  increases  with energy. 
I n  t h i s  paper w e  w i l l  i n v e s t i g a t e  the  problem i n  which particles a r e  
in j ec t ed  by an explosion i n t o  a tu rbu len t ly  expanding region; i n  which the  
p a r t i c l e s  d i f f u s e  i n  both space and momentum. W e  w i l l  treat the  momentum 
process as s t o c h a s t i c .  The p a r t i c l e  then escapes i n t o  i n t e r s t e l l a r  space 
where they continue t o  d i f f u s e  s p a t i a l l y  but  are no longer experiencing 
momentum-changing processes.  Thus w e  must so lve  a two-region Fokker-Planck 
d i f fus ion  equat ion wi th  appropr ia te  boundary condi t ions.  I n  Sect ion I1 
w e  w i l l  g ive  a s ta tement  of the problem. Sect ion 111 contains  an o u t l i n e  
of t he  s o l u t i o n  of t h e  problem. W e  w i l l  apply our r e s u l t s  t o  the  observed 
cosmic ray spectrum i n  Sect ion I V .  
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11. THE MODEL 
W e  w i l l  consider  t h e  source  as a sudden outburs t  of p a r t i c l e s  t h a t  
occurs over such a s h o r t  per iod of t i m e  t h a t  w e  can w r i t e  i t  as a d e l t a  
func t ion  i n  t i m e .  By t h i s  w e  are assuming t h a t  t h e  source is active over 
a period of t i m e  t h a t  is  s h o r t  i n  comparison t o  t h e  t i m e  requi red  f o r  t h e  
p a r t i c l e s  t o  d i f f u s e  ou t  of t h e  turbulen t  region. W e  w i l l  s impl i fy  our 
problem by assuming t h a t  t h i s  i n j e c t i o n  of p a r t i c l e s  is a one-time episode. 
W e  w i l l  a l s o  assume t h a t ,  i n  comparison t o  the  momentum range considered, 
P O  * 
t h e  p a r t i c l e s  a l l  have t h e  s a m e  i n j e c t i o n  momentum, 
After  t h e  p a r t i c l e s  are i n j e c t e d  i n t o  t h e  tu rbu len t  region,  they w i l l  
d i f f u s e  s p a t i a l l y .  W e  can descr ibe  t h i s  motion by t h e  s tandard  d i f fus ion  
equation. To a f i r s t  approximation w e  w i l l  suppose t h a t  t he  d i f f u s i o n  
c o e f f i c i e n t ,  D ,  is  independent of t h e  s p a t i a l  coordinate  wi th in  a given 
region.  However, w e  would expect i t  t o  have d i f f e r e n t  values  i n  the  two 
regions.  A t  t h e  s a m e  t i m e  t h a t  t h e  p a r t i c l e s  are undergoing s p a t i a l  
d i f f u s i o n  i n  t h e  turbulen t  region,  they w i l l  undergo d i f fus ion  i n  momentum 
space.  W e  w i l l  assume t h a t  a t  each momentum "sca t te r ing" ,  t h e  p a r t i c l e  
is  j u s t  at t h e  po in t  of forge t t i r ig  what has happened i n  t h e  pas t .  
condi t iona l  p robab i l i t y  depends only on t h e  value of t h e  momentum a t  t h e  
Thus t h e  
previous t i m e ;  i .e . ,  a Markoff process.  This  w i l l  probably b e  t r u e  i f  t h e  
s p a t i a l  ex t en t  of t h e  system, L, is r e l a t e d  t o  t h e  c o r r e l a t i o n  t i m e ,  T ,  of 
t h e  process  by T >> L / c .  
Fokker-Planck Eqn. 
Then momentum d i f f u s i o n  can b e  descr ibed by a 
W e  w i l l  use  t h e  s tandard second-order form s o  t h a t  we 
can t ake  f l u c t u a t i o n s  i n t o  account. 
that the d i f f u s i o n  c o e f f i c i e n t  is  independent of momentum. 
W e  w i l l  a l s o  make the  presupposi t ion 
I. 
I n  t h e  momentum 
range i n  ques t ion ,  t h i s  is  t h e  same as saying t h e  d i f f u s i o n  mean f r e e  pa th  
3 
is  independent of momentum. 
When the p a r t i c l e s  d i f f u s e  t o  t h e  boundary of t h e  d i f f u s i o n  region 
w e  w i l l  l e t  them f r e e l y  escape i n t o  i n t e r s t e l l a r  space.  
dens i ty  a t  t h e  boundary and t h e  f l u x  are assumed t o  be  continuous. This 
corresponds t o  a very closecoupling of t h e  two reg ions  a t  the  boundary. 
Because w e  are assuming t h e  d i f f u s i o n  condi t ion,  w e  cannot expect t o  
descr ibe  what is happening a t  t h e  boundary i n  d e t a i l .  Only when one i s  a 
few mean f r e e  pa ths  from t h e  boundary w i l l  our s o l u t i o n s  be  accurate .  
The p a r t i c l e  
W e  w i l l  t a k e  t h e  tu rbu len t  region t o  b e  genera l ly  sphe r i ca l  i n  shape. 
Although t h i s  is never exac t ly  t r u e ,  normally the  depar tures  w i l l  be s m a l l  
i n  comparison t o  the  t o t a l  ex ten t  of t h e  region and w e  can approximate 
t h e  su r face  wi th  a sphere.  W e  a l s o  note  t h a t  t h e r e  is no reason f o r  
t h e  d i s t r i b u t i o n  t o  depend upon any s p a t i a l  coordinate  o ther  than t h e  r a d i a l  
one. 
I n  t h e  i n t e r s t e l l a r  space  region w e  w i l l  pos tu l a t e  t h a t  t h e  p a r t i c l e s  
are no longer experiencing an acce le ra t ion  process.  
experimentally they are almost completely i s o t r o p i c .  This ,  of course,  
implies  t h a t  they have a l s o  d i f fused  s p a t i a l l y  i n  t h i s  region. W e  w i l l  not  
attempt t o  g ive  a d e t a i l e d  desc r ip t ion  of t h e i r  motion but  w i l l  assume a 
macroscopic averaging by w r i t i n g  t h i s  i n  t h e  form of a d i f f u s i o n  equation. 
However, w e  no te  t h a t  
When t h e  p a r t i c l e s  have d i f fused  t o  t h e  boundary of t h e  i n t e r s t e l l a r  
space w e  w i l l  assume thatthey "radiate1'  f r e e l y  i n t o  a region of f a r  less 
p a r t i c l e  dens i ty .  I f  t h e  po in t  of observat ion is  f a r  from t h e  boundary 
wi th  i n t e r g a l a c t i c  space,  w e  would expect t h a t  t o  a good approximation we 
can treat t h e  interstellar region as spher ica l .  As t he  p a r t i c l e  dens i ty  
approaches t h i s  boundary, i t  should b e  decreasing and a t  t h e  boundary 
assume a s m a l l  f i n i t e  value.  
We can incorpora te  a l l  of t he  above i n t o  t h e  following equat ions:  
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f o r  t > to i n  region I (= t u rbu len t  reg ion) ,  an4 
f o r  t > t 
region I and 11, R = a w e  have 
i n  region I1 (= i n t e r s t e l l a r  space). A t  t h e  boundary of 
0 
S '  
(3 )  
( 4 )  
(5) 
M, = fl, ) 
and a t  t h e  boundary of region 11, /2 = R, 
where E i s  a small f i n i t e  number. The i n i t i a l  condi t ion  a t  
t = t  is 
0 
5 
Note t h a t  w e  have assumed t h e  i n j e c t i o n  source is at  the o r i g i n  of 
coordinates .  
I n  Eqns.(l) and (2) t h e  f i r s t  two terms descr ibe  t h e  s p a t i a l  d i f f u s i o n  
of t h e  p a r t i c l e s .  The t h i r d  and fou r th  t e r m s  account f o r  t h e  d i f fus ion  of 
t h e  p a r t i c l e s  i n  momentum space.  These t e r m s  dep ic t  t h e  acce le ra t ion  and 
momentum l o s s  i n  s c a t t e r i n g s  which produce a continuous change i n  the  cosmic 
ray p a r t i c l e  momentum. The t h i r d  t e r m  arises from t h e  mean s ta t is t ical  
momentum change of cosmic ray p a r t i c l e s .  The fou r th  term cha rac t e r i zes  
t h e  s ta t i s t ica l  f l u c t u a t i o n s  i n  t h e  momentum change. The last  t e r m  
accounts f o r  removal i n t e r a c t i o n  processes i n  which t h e  p a r t i c l e s  i n t e r a c t  
with the  medium t o  produce p a r t i c l e s  o the r  than  the  p a r t i c l e s  i n  quest ion.  
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and 
111. SOLUTION OF THE BOUNDARY VALUE PROBLEM 
As w e  show i n  t h e  Appendix, one can o f t e n  w r i t e  
The form of Eqn,(l) sugges ts  a power l a w  s o l u t i o n  i n  p. Thus we  w i l l  
t ake  t h e  Mell in  transform w . r . t .  p of Eqn. (l), a f t e r  f i x s t  i n s e r t i n g  t h e  
where  
I f  w e  w r i t e  
Eqn. (9) i n  t h e  form 
gl(s ,G ,t) = f(_h , s , t ) h ( s , t )  w e  f i n d  t h a t  w e  can w r i t e  
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If w e  use t h e  i n i t i a l  condi t ion  Eqn. (6) 
where '2' = t - t w e  f ind t h a t  
0 
Before w e  can apply t h e  boundary conditions (3) and ( 4 )  w e  must so lve  
Eqn. ( 2 ) .  This leads t o  the  s o l u t i o n  
where w e  have used t h e  condi t ion  (5) and have set 
When w e  apply t h e  boundary condi t ions  (3) and ( 4 )  w e  ob ta in  
where 
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Then t h e  s o l u t i o n  t o  our  problem i s  obtained by t ak ing  t h e  inverse 
Mellin transform of g2 
W e  were a b l e  t o  ob ta in  an asymptotic s o l u t i o n  t o  Eqn. (16) by t h e  
method 
(17) 
where 
* 
of s t e e p e s t  descent .  Under t h e  condi t ion of ln(P/Po) >> 1 w e  have 
. . .  * 
T h i s  requirement can b e  relaxed t o  lnCP/Po)- > 1 without  a no t i ceab le  
increase  i n  e r r o r .  
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W e  know t h a t  t h e  i n t e n s i t y  of cosmic r a d i a t i o n  appears t o  be constant  
with t i m e .  Then w e  r equ i r e  the  s teady state s o l u t i o n  f o r  our  problem. 
I n  t h e  above w e  have solved f o r  t h e  case of a s i n g l e  source as a func t ion  
of t i m e .  L e t  us assume t h a t  it is  a t y p i c a l  source. Then w e  wish t o  sum 
over i t s  con t r ibu t ion  t o  the  present  cosmic ray  dens i ty  of p a r t i c l e s .  I n  
a la ter  paper w e  w i l l  i n v e s t i g a t e  t h e  requirements placed upon sources by 
our so lu t ion .  For t h e  present  w e  w i l l  j u s t  f i n d  t h i s  source ' s  con t r ibu t ion  
and assume a l l  o the r s  behave i n  a dup l i ca t e  manner. 
spectrum should r e f l e c t  t h e  observed one. 
Thus t h e  momentum 
Accordingly w e  must eva lua te  t h e  
i n t e g r a l  
Laplace i n t e g r a t i o n  gives  t h e  aeympotic so lu t ion  
7 
where b 
- a ( a - h )  
Note t h a t  w e  can w r i t e  (19) i n  t h e  form 
10 
Ergo, w i l l  act as a normalization constanf when we attempt to 
fit Eqn. (20) to the observed spectrum. 
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I V .  COMPARISON WITH EXPERIMENT 
The cosmic ray momentum spectrum has  been observed t o  be  b a s i c a l l y  a 
power l a w  i n  which t h e  power index increases  wi th  increas ing  momentum. 
are i n t e r e s t e d  i n  t h e  region 10 G e V / c  < p < lo8 G e V / c .  
W e  
8 Above 10 GeV/c 
t h e  s p e c t r u m  power index suddenly decreases.  This is probably due t o  a 
secondary source  of cosmic r a d i a t i o n .  
W e  no te  t h a t  only when the re  is a steady decrease i n  t h e  mean 
s ta t is t ical  momentum change, <Ap>, can w e  f i t  t h e  observed spectrum. This 
corresponds t o  a dece lera t ion .  As w e  show i n  t h e  Appendix, t h i s  could be  
due t o  a r a d i a l  expansion of t h e  tu rbu len t  region. This is  no t  t h e  only 
i n t e r p r e t a t i o n ;  i t  is ,  however, one t h a t  can f i t  i n t o  many a s t rophys ica l  
phenomena t h a t  have been observed. Thus t h e  p a r t i c l e s  t h a t  w e  see a t  t h e  
very high energ ies  are t h e  r e s u l t  of a series of favorable acce le ra t ions .  
This is then a momentum spectrum i n  which f l u c t u a t i o n s  i n  t h e  acce le ra t ion  
process have a dominating e f f e c t .  But no te  t h a t  while  dece le ra t ion  p r e v a i l s ,  
an acce le ra t ion  process must a l s o  be present.  
To ob ta in  the  i n t e g r a l  spectrum w e  must i n t e g r a t e  Eqn. (20) from 
P t o  m. W e  w i l l  approximate t h i s  i n t e g r a l  by no t ing  t h a t  t h e  r e s u l t  
depends mainly on t h e  integrand near t h e  lower l i m i t  of i n t eg ra t ion ,  P. 
Thus w e  may hold 1( f ixed  and equal  t o  i t s  c o r r e c t  value a t  P. This 
procedure gives 
The r e s u l t  of applying Eqn. (21) t o  t h e  measured i n t e g r a l  spectrum is  
shown i n  Figs. 1 and 2.  W e  have used t h e  r e s u l t s  repor ted  by Bradt, 1965 
and Bray, 1965 transposed t o  t h e  momentum var iab le .  [We haye assumed t h a t  
t h e  composition is mainly protons a t  low momentum. A t  t h e  higher momenta 
12 
pc % E, and the true composition is not critical.] 
- .34b and po = 3.0 GeV/c. 
the minimum ionization of protons in hydrogen is approximately at p . 
We have adopted a = 
This choice of po was made after noting that 
0 
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V. DISCUSSION AND CONCLUSIONS 
W e  have inves t iga t ed  what happens t o  a source  of cosmic rays  that i s  
impulsed wi th  a given momentum a t  a f ixed  time and p o s i t i o n  i n t o  a 
tu rbu len t  reg ion ,  Within t h i s  reg ion  the p a r t l e l e s  undergo acce le ra t ion  
and dece le ra t ion  t h a t  can r e s u l t  i n  s ta t is t ical  f l u c t u a t i o n s .  Af te r  
d i f f u s i n g  both  i n  space and momentum, t h e  p a r t i c l e s  escape f r e e l y  i n t o  
i n t e r s t e l l a r  space. 
they become i s o t r o p i c .  
g a l a c t i c  space,  provided t h a t  they do arrive, they escape. Thus w e  have 
solved a two-region second-order Fokker-Planck equat ion w i t h  appropr ia te  
boundary condi t ions .  
H e r e  t h e  p a r t i c l e s  aga in  d i f f u s e  s p a t i a l l y  u n t i l  
When t h e  p a r t i c l e s  reach t h e  boundary wi th  i n t e r -  
It is  shown t h a t  t h e  observed spectrum is  congruous wi th  t h e  dominance 
of s t a t i s t i c a l  f l u c t u a t i o n s  i n  t h e  case of continuous dece lera t ion .  We 
w e r e  a b l e  t o  ob ta in  remarkably good agreement wi th  t h e  observed i n t e g r a l  
momentum spectrum of primary cosmic rays.  
spectrum w a s  found t o  have an exponent t h a t  is  weakly dependent upon the 
The usua l  i n t e g r a l  power l a w  
momentum: 
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FIGURE CAPTIONS 
Fig. 1 The integral momentum spectrum of Cosmic Radiation [Bradt, 1965 
and Bray, 19651. 
Fig. I1 The variation of the power law exponent with momentum. 
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APPENDIX 
One can e a s i l y  show t h a t  f o r  a Fermi type of s c a t t e r i n g  of par t ic les  
with moving c e n t e r s ,  t h e  f r a c t i o n a l  momentum change is given by 
where Bc = v = v e l o c i t y  of t he  p a r t i c l e ,  Bc = V = v e l o c i t y  of t h e  s c a t t e r i n g  
cen te r  and a is  t h e  angle between v and V. 
B and. drop anything of o rde r  g r e a t e r  than B4 we f ind 
I f  w e  expand t h i s  i n  terms of 
where 1-1 = cos a .  The c o l l i s i o n  p r o b a b i l i t y  is given i n  
where 
= re lat ive v e l o c i t y  i n  u n i t s  of t h e  speed of l i g h t  c, nr, -
C 
v )  = v e l o c i t y  d i s t r i b u t i o n  of t h e  s c a t t e r i n g  centers .  
(v 
I f  t h e  s c a t t e r i n g  cen te r s  are receding from each o ther  as t h e  r e s u l t  
of s p h e r i c a l  expansion from a common c e n t e r ,  t h e r e  w i l l  be a f r a c t i o n a l  
momentum decrease [Wayland and Bowen, 19681 of 
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where Bec = Ve = v e l o c i t y  of expansion, 
R = rad ius  of expansion, 
A = mean f r e e  path between s c a t t e r i n g s .  
W e  are i n t e r e s t e d  i n  computing 
By combining t h e  above and expanding where poss ib l e  i n  t e r m s  of B w e  
f i nd  t h a t  i n  t h e  l i m i t  of B -f 1 
where 
J /- 
W e  no te  t h a t  is poss ibe l  t o  have a < 0. 
